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Abstract
It is proved that each infinite completely regular Hausdorff space admits a nontransitive totally
bounded quasi-uniformity.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
The question whether there always exists a compatible nontransitive totally bounded
quasi-uniformity for infinite “nice” spaces originated when the second and third authors
were working on problems related to the semilattice of totally bounded quasi-uniformities
that a topological space admits [9]. It was shown in [10, Proposition 1] that a topological
space that admits a nontransitive totally bounded quasi-uniformity possesses at least 22ℵ0
compatible nontransitive totally bounded quasi-uniformities. It is also known that such a
space admits at least 2ℵ0 transitive totally bounded quasi-uniformities [9, Proposition 6].
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By a result of [8], each topological space that admits more than one quasi-uniformity
admits at least 22ℵ0 nontransitive quasi-uniformities. Furthermore it was shown in [10]
that each Hausdorff space that has a discrete subspace of infinite cardinality κ admits at
least 22κ transitive totally bounded quasi-uniformities.
On the other hand, it seems fairly demanding to construct nontransitive totally bounded
quasi-uniformities even on nice topological spaces. To see this, recall for instance that each
compact Hausdorff space admits a unique uniformity, which is transitive if and only if the
space is (strongly) zero-dimensional. So even the problem whether each infinite compact
zero-dimensional Hausdorff space admits a nontransitive totally bounded quasi-uniformity
is nontrivial and its positive solution evidently needs a truly nonsymmetric approach. (Note
that in this case the nontransitive quasi-uniformity constructed will necessarily be finer
than the compatible uniformity, since for a compact Hausdorff space X the compatible
uniformity is the coarsest quasi-uniformity that X admits [4, Proposition 1.47].)
If we consider larger classes of spaces, then the situation becomes even more difficult.
The method given in this paper shows that, indeed, each infinite completely regular
Hausdorff space admits a nontransitive totally bounded quasi-uniformity.
On the other hand, it is known that there are infinite T1-spaces that do not admit a
nontransitive totally bounded quasi-uniformity. For instance, the cofinite topology on a
countably infinite set admits a unique totally bounded quasi-uniformity, which, of course,
is transitive, although the space admits 22ℵ0 nontransitive quasi-uniformities. Moreover,
in [11] even a T1-space having infinitely many isolated points is defined that admits only
one, necessarily transitive, totally bounded quasi-uniformity. Also, in [9] for each nonzero
cardinal κ a T0-space Xκ is constructed that admits exactly κ totally bounded quasi-
uniformities all of which are transitive.
The authors now conjecture that each infinite Hausdorff space admits a nontransitive
totally bounded quasi-uniformity, but have been unable so far to settle this problem.
They would also like to encourage readers, puzzled by various (seemingly ad-hoc)
constructions given in this paper, to look for more canonical (possibly, categorical)
methods that would yield similar results or to produce proofs that such techniques cannot
exist.
For basic results on topological and quasi-uniform spaces we refer the reader to [3,
4]. In particular let us mention (compare [13]) that each topological space X admits
the transitive and totally bounded Pervin quasi-uniformity generated by the entourages
[G×G] ∪ [(X \G)×X] where G is an open subset of X.
We recall that a quasi-uniformity on a set X is called transitive if it possesses a base
consisting of transitive entourages and it is said to be totally bounded provided that for
each entourage V the cover {(V ∩ V −1)(x): x ∈X} has a finite subcover.
Recall also that a base B of a topological space X is called an l-base (i.e., a lattice base)
if it is closed under finite unions and finite intersections and ∅,X ∈ B. In [12] it is observed
that for an arbitrary topological space there is a one-to-one correspondence between the set
of compatible transitive totally bounded quasi-uniformities UB and the set of l-bases B. In
fact, let us mention that UB = fil{[B ×B] ∪ [(X \B)×X]: B ∈ B} and B consists of the
sets B which are strongly contained in themselves with respect to UB.
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In this paper, [0,1] will denote the (real) unit interval and Q the set of rational numbers.
For convenience we shall suppose that (completely) regular spaces satisfy the Hausdorff
axiom.
2. A sufficient condition
First we present a sufficient condition for the existence of a compatible nontransitive
totally bounded quasi-uniformity on a topological space.
Proposition 1. Let us suppose that on a topological space X there exist a system of
nonempty open sets {Gε: ε ∈ [0,1] ∩Q} and an l-base B such that Gε ⊆Gε′, Gε =Gε′
(ε, ε′ ∈ [0,1] ∩ Q, ε < ε′) and if C is a finite subset of B and ε1 < ε′1  ε2 < ε′2 
· · ·  εn < ε′n (εi, ε′i ∈ [0,1] ∩ Q, 1  i  n, n ∈ ω) then there is a finite sequence
x0, x1, . . . , xn ∈ X such that x0 ∈ G0, xi ∈ Gε′i −Gεi and (xi ∈ C ∈ C implies xi+1 ∈ C
(0  i  n − 1)). The stated condition implies that X admits a nontransitive totally
bounded quasi-uniformity.
Proof. Observe first that we can replace [0,1] ∩Q by [0,1] in the proposition, since we
can define a system {G′ε: ε ∈ [0,1]} that satisfies the same condition in the following way:
G′0 =G0, G′ε =
⋃
δ∈Q, δ<ε
Gδ (ε ∈ [0,1]).
Let us use the notation: Uε,ε′ = [Gε×Gε′ ]∪ [(X−Gε)×X] when ε, ε′ ∈ [0,1], ε < ε′.
Let V be the quasi-uniformity generated on X by the subbase {[B × B] ∪ [(X − B) ×
X]: B ∈ B} ∪ {Uε,ε′: ε, ε′ ∈ [0,1], ε < ε′}. We have defined a quasi-uniformity because
(Uε,ε′ ∩ Uε′,ε′′)2 ⊆ Uε,ε′′ whenever ε, ε′, ε′′ ∈ [0,1], ε < ε′ < ε′′. Obviously V is totally
bounded and it is also straightforward to see that it is compatible, since B is an l-base.
We show that V is nontransitive. Let us suppose indirectly that V is transitive. Then
there exist a transitive entourage T ∈ V , a finite subset C of B and εi, ε′i ∈ [0,1], εi <
ε′i (1 i  n,n ∈ ω) such that V =
⋂{[C×C] ∪ [(X−C)×X]: C ∈ C} ∩⋂ni=1 Uεi,ε′i ⊆
T ⊆ U0,0.5. In other words V∞ =⋃∞i=1 V i ⊆ U0,0.5. We can assume that ε1 < ε′1  ε2 <
ε′2  · · ·  εn < ε′n, because Uδ2,δ′2 ⊆ Uδ1,δ′1 ∩ Uδ2,δ′2 if δ1  δ2 < δ′2  δ′1 in [0,1] and
Uδ2,δ′1 ⊆ Uδ1,δ′1 ∩ Uδ2,δ′2 if δ1  δ2 < δ′1  δ′2 in [0,1]. Adding U0.5,0.6 to the intersection
and using the same argument we can also assume that there is some i0 ∈ {1, . . . , n} such
that εi0  0.5 and ε′i0  0.6.
Next we show that we can suppose that ε′n = ε′i0 : Let W be the neighbornet that we get
from V by omitting all Uα,β ’s in the intersection where α,β ∈ [0,1], α  ε′i0 . (We shall
use α (respectively β) instead of εi (respectively ε′i ) in order to simplify the notation.)
We now argue that we can work with W instead of V : Suppose that there is k ∈ ω
such that Wk ⊆ U0,0.5. Let k be the smallest such number. Then there exists a sequence
x0, . . . , xk ∈ X such that x0 ∈ G0, (xi, xi+1) ∈ W (0  i  k − 1) and xk /∈ G0.5. Thus
there is an i < k and some Uα,β taking part in the intersection of V with α  ε′i0 such
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that (xi, xi+1) /∈ Uα,β . By the minimality of k, we have xi ∈G0.5. Therefore xi+1 /∈Gβ.
This implies that (xi, xi+1) /∈ Uεi0 ,ε′i0 and hence (xi, xi+1) /∈ W—a contradiction. Hence
we have shown that the assertion holds.
By our assumption there is a sequence x0, x1, . . . , xn ∈ X such that x0 ∈ G0, xi ∈
Gε′i −Gεi (1  i  n) and (xi ∈ C ∈ C implies xi+1 ∈ C (0  i  n− 1)). It means that
(xi, xi+1) ∈ V (0  i  n− 1) and (x0, xn) ∈ V n ⊆ T ⊆ U0,0.5. But then xn ∈G0.5 must
hold, which is a contradiction. ✷
In the sequel we shall refer to the mentioned equivalent form (without Q) of this
condition by (P1).
The example below shows that condition (P1) is not necessary in order that a topological
space admits a nontransitive totally bounded quasi-uniformity. Indeed, we shall prove
that there exists a (well-known) space that admits a nontransitive totally bounded quasi-
uniformity although each compatible totally bounded quasi-uniformity on this space that
contains a compatible transitive totally bounded quasi-uniformity is transitive itself.
Example 1. Let X = [0,1] be the unit interval of the reals and for x, y ∈X let d(x, y)= 0
if x  y and d(x, y) = x − y , otherwise. Then the quasi-uniformity Vd induced by the
quasi-pseudometric d on X is clearly totally bounded on X, but nontransitive. Suppose
that VB is a compatible transitive totally bounded quasi-uniformity on (X, τ(d)); as the
notation suggests, the l-base associated with VB will be called B. Assume that V is a
compatible totally bounded quasi-uniformity on X that is finer than VB. We wish to show
that V is transitive, too:
Suppose that A,B are two τ (d)-open sets on X such that A < B, where < denotes
the strong inclusion with respect to V . If A = B, then there is b ∈ B \ A so that we can
choose L ∈ B such that b ∈L⊆ B. Since τ (d)-open sets are upper sets (that is, if a point p
belongs to the set, then any element larger than p with respect to the usual order on [0,1]
also belongs to it), we see that A⊆ L⊆ B. Since V is finer than VB , the usual construction
of V with the help of < shows that V is transitive [4, Theorem 1.33].
Problem 1. Does a Hausdorff space that admits a nontransitive totally bounded quasi-
uniformity satisfy condition (P1)?
Next we are going to formulate two conditions that for Hausdorff spaces are weaker
respectively stronger than (P1).
(P0): There exist a system of nonempty open sets {Gε: ε ∈ [0,1]} and an l-base B such
that Gε ⊆Gε′ , Gε =Gε′ (ε < ε′, ε, ε′ ∈ [0,1]) and if C is a finite open cover of
G0 composed of sets from B then there is a C ∈ C such that C ∩ (Gε′ −Gε) = ∅
whenever ε < ε′, ε, ε′ ∈ [0,1].
(P2): There exists a system of nonempty open sets {Gε: ε ∈ [0,1]} such that Gε ⊆Gε′ ,
Gε = Gε′ (ε < ε′, ε, ε′ ∈ [0,1]) and there exists x ∈ X such that x ∈ G0 and
x ∈Gε′ −Gε (whenever ε, ε′ ∈ [0,1], ε < ε′) where A denotes the closure of the
set A⊆X.
J. Gerlits et al. / Topology and its Applications 117 (2002) 139–147 143
Proposition 2. For a Hausdorff space X (P2)⇒ (P1)⇒ (P0), and for a compact space X
(P0)⇒ (P2).
Proof (Sketch). (P2)⇒ (P1): Let B denote the family of those open sets B ⊆X for which
x ∈ B or x /∈ B . It is easy to see that B is an l-base of X. If C is any finite subfamily
of B then put U = ⋂{B: x ∈ B ∈ C} − ⋃{B: x /∈ B,B ∈ C}. Then U is an open
neighborhood of the point x and we can choose a sequence x0, x1, . . . , xn ∈ X such that
x0 ∈ U∩G0, xi ∈ U∩(Gε′i−Gεi ) whenever i = 1, . . . , n. It is immediate that each element
of C either contains each xi or does not contain any xi .
(P1)⇒ (P0): Assume indirectly that C = {C1,C2, . . . ,Cn} is a finite subsystem of B
which coversG0 but for anyCi there are εi, ε′i ∈ [0,1]with εi < ε′i and Ci ∩ (Gε′i −Gεi )=∅. We can also assume that ε1 < ε′1  ε2 < ε′2  · · ·  εn < ε′n. Choose now a sequence
{xi: i  n} according to the property (P1). As C covers G0 there is an i  n with x0 ∈ Ci .
However, this is a contradiction, as xi /∈Ci .
Finally, suppose that X is compact and fulfills (P0) but not (P2). Then any point of x ∈X
has a neighborhood Bx from B which does not meet a suitable set of the form Gε′i −Gεi
or G0. A finite subcover C of the open cover {Bx : x ∈ X} shows that (P0) is not true, a
contradiction. ✷
Note that (P0) does not hold if X has the cofinite topology on its ground set because
there does not exist an infinite increasing chain of open sets in X.
We now prove—what we would like to show for (P1) but we are not able to—that (P0)
holds for infinite Hausdorff spaces. First, however, we give a general lemma on a method
to construct {Gε: ε ∈ [0,1]} systems.
Lemma 1. Let X be a topological space and assume An ⊆ Un ⊆ X (n ∈ ω), where the
An’s are arbitrary nonempty subsets of X, the Un’s are open in X and Un ∩ Am = ∅
if n = m. Then there exists a system of nonempty open sets {Gε: ε ∈ [0,1]} such that
Gε ⊆ Gε′, Gε = Gε′ (ε < ε′, ε, ε′ ∈ [0,1]) and any “difference set” Gε′ − Gε where
(ε, ε′ ∈ [0,1] with ε < ε′) contains the union of infinitely many An’s as a subset.
Proof. Set Q ∩ [0,1] = {εn: n ∈ ω}, and then put Gε =⋃{Un: εn  ε}. Note that G0
contains some Un. ✷
Remark. Observe that Lemma 1 can be applied if the Un’s are pairwise disjoint nonempty
open subsets and we set An =Un (n ∈ ω).
Another important application of Lemma 1 is the following: Let D ⊆ X be a discrete
subset and let An (n ∈ ω) be pairwise disjoint nonempty subsets of D. For each n let Un
be an open subset of X with Un ∩D =An.
We shall use Lemma 1 in the following two cases: Suppose that the conditions of
Lemma 1 are satisfied.
Case (a): If there is a point x ∈ X with x ∈ An (whenever n ∈ ω), then making use of
Lemma 1 we see that X satisfies (P2).
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Hence for instance each Hausdorff space X having a closed subspace F and a sequence
(Gn)n∈ω of pairwise disjoint in F open sets such that there is some x ∈ F with x ∈ Gn
whenever n ∈ ω admits a nontransitive totally bounded quasi-uniformity. Similarly, each
Hausdorff space X that possesses a convergent net (xα)α<κ (where κ is an infinite cardinal)
such that the set {xα: α < κ} is discrete in X admits a nontransitive totally bounded quasi-
uniformity.
Case (b): There is an open cover U of X such that no An is covered by finitely many
members of U . Then the open subsets of X which can be covered with finitely many
elements of U (together with {X}) form an l-base B of X. As no difference set Gε′ −Gε
(ε, ε′ ∈ [0,1], ε < ε′) nor G0 can be covered with finitely many members of B − {X}, the
space X fulfills (P1) trivially.
Note that this observation for instance implies that each topological space X that admits
an infinite (relatively) discrete subset without complete accumulation point in X admits a
nontransitive totally bounded quasi-uniformity.
Proposition 3. Each infinite Hausdorff space satisfies (P0).
Proof. First note that a Hausdorff space X that is not countably compact fulfills (P1):
Indeed, if F = {xn: n ∈ ω} ⊆X is an infinite closed discrete set, apply the case (b) of the
preceding remark to the discrete set F and to the family of the open sets meeting F in a
finite set.
So we can assume that X is countably compact and, by Proposition 5 below, we can
also suppose that X is not compact. Choose an open cover U of X with no finite (and,
by countable compactness, no countable) subcover. The open subsets of X which can be
covered with finitely many elements of U (together with {X}) form an l-base B of X. Call
an open set G⊆X unbounded if G /∈ B.
Assume first that there exists an unbounded open set G⊆ X with F =X −G infinite.
Choose a sequence of nonempty pairwise disjoint in F open sets {An: n ∈ ω} and put
Un =G∪An (n ∈ ω).
Prepare the system {Gε} according to the proof of Lemma 1. If a finite subfamily C of
B covers G0, then necessarily X ∈ C , hence (P0).
Therefore we can assume that for any infinite S ⊆ X the open set X − S is bounded,
i.e., there exist finitely many members of U covering the set X − S. As no countable
subfamily of U covers X, we get that the intersection of countably many infinite closed
subsets is nonempty. Since any infinite Hausdorff space contains an infinite discrete subset,
Remark (a) shows the validity of the proposition. ✷
3. The completely regular case
We are going to prove that each infinite completely regular Hausdorff space X admits a
nontransitive totally bounded quasi-uniformity. For the proof we recall some terminology
[5,6] and a basic result.
J. Gerlits et al. / Topology and its Applications 117 (2002) 139–147 145
As usual, t (X), respectively hπχ(X), denotes the tightness, respectively the hereditary
π -character of X. Let κ be an infinite cardinal. By definition, a sequence (xα)α<κ in X is a
free sequence of length κ if for all β < κ, {xα: α < β} ∩ {xα: α  β} = ∅. Note that a free
sequence in X is always a discrete subset of X. A free sequence in X is said to converge to
some point p in X if each neighborhood of p contains the sequence eventually.
Proposition 4. A compact Hausdorff space X either contains a convergent free sequence
of length ω1 or hπχ(X)= ω.
Proof. This is an immediate consequence of two famous theorems. The first one (by
Juhász and Szentmiklóssy) [7] asserts that any compact Hausdorff space with uncountable
tightness contains a convergent free sequence of length ω1, while the second one (by
Shapirovskij) [14] (see, also [5,6]) says that hπχ(X) = t (X) for any compact Hausdorff
space X. ✷
Proposition 5. An infinite completely regular Hausdorff space fulfills (P1).
Let us begin the proof with a lemma.
Lemma 2. Let X be a dense subspace of a regular Hausdorff space Y . If there is an infinite
F ⊆ Y −X closed in Y, then X fulfills (P1) and thus admits a nontransitive totally bounded
quasi-uniformity.
Proof. Choose a sequence of pairwise disjoint open subsets {Vn: n ∈ ω} in Y with
Vn∩F = ∅: Since pairs of points have disjoint closed neighborhoods in Y, we can construct
such a sequence inductively, making sure that F \⋃k<n Vk (n ∈ ω) is always infinite.
Let An =Un = Vn ∩X and U the family of those open sets U in X with U ∩F = ∅ (the
closure is taken in Y ). Since F is closed in Y we obtain an open cover of X. Suppose that
some An is covered by finitely many members of this cover. Then Vn ⊆ (Vn ∩X) ⊆ ∪V
for some finite subcollection V of U—a contradiction. Now Remark (b) applies. ✷
Proof of Proposition 5. Let Y be a Hausdorff compactification of the completely regular
Hausdorff space X. Assume first that Y contains a free sequence {yξ : ξ < ω1} of length
ω1 converging to the point y ∈ Y . We show that yξ ∈X (ξ ∈ ω1) can be assumed. Indeed
if yξ ∈X for uncountably many ξ, then this is evident. Suppose now, on the contrary, that
yξ ∈ Y −X for any ξ . Then we are done by Lemma 2, except when for each limit ordinal
α < ω1 we can find an accumulation point xα ∈X of the set {yαn: n < ω} for some chosen
αn ↑ α. But then {xα: α limit < ω1} is also a free sequence converging to y in the regular
space Y.
A free sequence is discrete and each uncountable subset of it converges to the point
y , too. Decomposing the sequence into countably many uncountable parts and applying
Remark (a) (if y ∈X), or Remark (b) by putting U = {U open in X: y /∈ U} (if y /∈ Y −X),
we see that (P1) holds for X (see Proposition 2).
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So we can suppose that there does not exist a convergent free sequence of length ω1
in Y . Choose a countably infinite discrete subspace D ⊆ X and let F denote the set of
the accumulation points of D (in Y ). Then F is a nonempty compact subset in Y and by
Proposition 4 πχ(F)= ω. Choose a point x ∈ F and a countable local π -base {Un: n < ω}
at x . This means that the Un’s are nonempty sets open in F and any neighborhood of x
in F contains some Un. For each n ∈ ω select a set Vn open in Y such that Vn ∩ F = Un
and a set Wn open in Y with Wn ⊆ Vn, Wn ∩ F = ∅. As above, the closure refers to the
topological closure in Y. Put An =Wn ∩D (n ∈ ω).
Now we are given countably many infinite sets An on the countable set D. Therefore we
can construct countably many pairwise disjoint sets Tn ⊆D (n ∈ ω) with Tn ∩Am infinite
for any n,m ∈ ω, for instance with the help of the disjoint refinement lemma (see, e.g., [1,
7.5]).
Observe now that for any m ∈ ω and infinite subset S ⊆ Am S ∩ Um = ∅: Indeed, if y
is any accumulation point of S in Y then y ∈Am ⊆Wm ⊆ Vm and so y ∈ Vm ∩F =Um. It
follows that Tn ∩Um = ∅ for n,m ∈ ω. As {Um: m ∈ ω} is a local π -base at x in F , we get
that x ∈ Tn for n ∈ ω. Now if x ∈ X then X fulfills (P1) by Remark (a) and if x ∈ Y −X
then X fulfills (P1) by Remark (b), as in the first part of the proof. ✷
Note that the final part of the argument given above essentially shows that each infinite
regular space Y in which each nonempty closed set F contains a point having countable
π -character in F, admits a nontransitive totally bounded quasi-uniformity, since it clearly
suffices to consider the countably compact case.
Obviously the main remaining question is the following; we conjecture that the answer
is yes.
Problem 2. Does each infinite Hausdorff (or regular) space admit a nontransitive totally
bounded quasi-uniformity?
Note that in order to show that each infinite Hausdorff space admits a nontransitive
totally bounded quasi-uniformity, by the results of this paper it would be sufficient to
prove that each non-H-closed Hausdorff space has that property, since each non-compact
Hausdorff space possesses a non-H-closed closed subspace (e.g., [3, 3.12.5(c)]) and any
compatible (nontransitive) totally bounded quasi-uniformity on a closed subspace can
be extended to a compatible totally bounded quasi-uniformity of the whole space [2,
Theorem 1.6].
Let us also point out by an example that results of this paper can readily be formulated
separation free in a language using filters. The following formulation stresses connections
of our investigations with questions on extremal disconnectedness of closed subspaces of
topological spaces.
Corollary 1. Let X be a topological space with an open filterbase F that converges to
all its cluster points. If F is contained in countably many distinct maximal open filters Gn
(n ∈ ω) on X, then X satisfies (P1). Hence any topological space that contains X as a
closed subspace admits a nontransitive totally bounded quasi-uniformity.
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Proof. Since the arguments are similar to those already presented, we only sketch the
proof. Observe that B = B1 ∪B2 where B1 = {G open in X: G ∩F = ∅ for some F ∈F}
and B2 = {G open in X: There is a finite collectionM of open sets such that each member
of M contains a limit point of F and such that ∩M⊆G} is an l-base for X. Set A0 = ω.
Suppose that for n ∈ ω pairwise disjoint open sets (Gk)k<n, some finite sequence (ik)k<n
in ω and a decreasing sequence (Ak)kn of infinite subsets of ω are defined such that
each Gk ∈ Gik (k < n) and
⋃
k<n Gk /∈ Ga for all a ∈ An. For i ∈ {1,2} choose ai ∈ An
and Gai ∈ Gai such that Gai ∩
⋃
k<n Gk = ∅ and Ga1 ∩Ga2 = ∅. Obviously there are an
infinite set An+1 ⊆ An and some j ∈ {1,2} such that Gaj /∈ Ga whenever a ∈ An+1. Set
Gn =Gaj and in = aj .
Use now (Gn)n∈ω to define the system {Gε}. If C is a finite subcollection of B and n ∈ ω,
then there is E ∈F such that E∩⋃{C: C ∈ C∩B1} = ∅; furthermoreGn∩E∩⋂{C: C ∈
C ∩ B2} ∈ Gin . Consequently the members of the finite sequences of points in X can be
chosen in intersections of the latter kind. Thus (P1) is satisfied. The last assertion follows
from the result on closed subspaces mentioned above. ✷
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